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It is shown that the wild kernel of Q(- d) contains the Steinberg element
[&1, &1] as a non-trivial element for integers d<0 satisfying d#2 (mod 16).
 1997 Academic Press
1. THE WILD KERNEL
Let F be a field. A symbol s on F with values in an Abelian group A is
a map s : F*_F*  A satisfying
s(a1a2 , b)=s(a1 , b)+s(a2 , b)
s(a, b)=&s(b, a)
s(a, 1&a)=0 (if a{1)
for all a, b # F*. By Matsumoto’s theorem (see [3]) the group K2(F ) is the
target group of the universal symbol (a, b) [ [a, b]: (For K2(F ) we will
use the multiplicative notation.)
For F a local field containing the full group +m of m th roots of unity,
class field theory gives a symbol (a, b)m on F with values in +m , the main
property of which is
(a, b)m=1  a is the norm of an element of F ( m- b).
If a, b and m all have a trivial valuation, the element (a, b)m is trivial. If
n | m one has (a, b)m=(a, b)mnm .
For F=R there is a symbol analogous to the local field case
(a, b)2={&11
for a, b<0
otherwise.
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For F a number field, a symbol (a, b)m on a completion of F p in a (finite
or real infinite) prime p induces a symbol ((a, b)p)m on F. Such symbols
on number fields are called Hilbert symbols. For finite p such that p |% m
these symbols are called tame. The others are wild. The elements of K2(F )
on which all tame symbols vanish form the tame kernel of F. The subgroup
of the tame kernel where even the wild symbols vanish is called the wild
kernel, and is denoted as Wk(F ). The tame kernel coincides with the
K-group K2(OF), where OF is the ring of integers of F. By Moore’s theorem
(see [3]) we have an exact sequence
K2(F )  
p
+(Fp )  +(F )  0,
where +( ) denotes the group of roots of unity, and the p range over the
finite and real infinite primes of F. The map K2(F )  +(Fp ) is induced by
the symbol ((a, b)p)m( p) and the map +(F p )  +(F ) is raising to the power
*(+(Fp ))*(+(F )), where m=*+(F )) and m( p)=*(+(F p )). The kernel
of the first map in the exact sequence is the wild kernel of F. The triviality
of the composition of the first and the second map in the exact sequence
is just Hilbert’s product formula
‘
p \
a, b
p +m=1.
2. THE ELEMENT [&1, &1] IN SOME CASES
In this section we consider some cases where the element [&1, &1] is
in the tame but not in the wild kernel.
If a field F has a real embedding, it induces a symbol on F with values
in +2 . Under such a symbol the image [&1, &1] is non-trivial. This shows
that for a number field which has a real embedding the element [&1, &1]
is a non-trivial element of the tame kernel, but is not an element of the wild
kernel.
In F=Q(- d) with d<0, squarefree and d#1 (mod 8), the prime 2
splits as the product pp$ of two primes. Only for these primes can the
Hilbert symbols have a non-trivial value when applied to [&1, &1]. Since
Fp =Q2 we have
\&1, &1p +2=\
&1, &1
2 +2=&1.
This shows that [&1, &1] is non-trivial. Again it is an element of the tame
kernel but not of the wild kernel.
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3. IMAGINARY QUADRATIC NUMBER FIELDS
Let d<0 and d#2 (mod 16). We will show that [&1, &1] is a non-
trivial element of the wild kernel of the imaginary quadratic field F=
Q(- d). From Hilbert’s product formula it easily follows that it is in the
wild kernel, so we have to show its non-triviality. Let E=F(- 2). Then EF
is an unramified extension. Let 1=Gal(EF ). The transfer homomorphism
tr : K2(OE)  K2(OF) induces an isomorphism K2(OE)1[K2(OF), where ( )1
denotes the coinvariants, the largest quotient on which 1 acts trivially. (See
[3] for a definition of the transfer and [2] for this isomorphism.) The
prime 2 ramifies in F, say (2)=p2, and pOE=qq$, where q and q$ lie above
the two factors of 2 in the quadratic subfield Q(- d2) of E, in which 2
splits. The Hilbert symbols (, q)2 and (, q$)2 induce by the product for-
mula the same homomorphism K2(O2)  +E . Therefore, they induce a map
on coinvariants
K2(OE)1  +2 .
Since tr[&1, &1+- 2]=[&1, &1], the non-triviality of [&1, &1] #
K2(OF) is a consequence of the non-triviality of
\&1, &1+- 2q +2 .
Because Eq =Q(- 2)(- 2) , this equals
\&1, &1+- 2(- 2) +2 .
This last element is however non-trivial by the product formula for Q(- 2):
\&1, &1+- 2(- 2) +2=\
&1, &1+- 2
p_ +2 ,
where p_ is the real infinite prime of Q(- 2) corresponding to the real
embedding _ which sends - 2 to the real number &- 2. Note that we
proved that [&1, &1] generates a subgroup of the tame kernel of order
2, which in fact is a direct summand of the tame kernel, and also of the
wild kernel.
Example. Take d=&14. Then, see also [2], K2(OF)2$Z2 and there-
fore the element [&1, &1] generates the 2-primary component of the tame
kernel.
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Precise information about the 4-rank of the tame kernel of a quadratic
number field can be found in [1].
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